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Abstract. Using the Bethe ansatz we study the spectrum of boundary bound states of the
SU(N) generalization of the one-dimensional Hubbard model with open boundaries and applied
boundary potentials. The number of electrons bound by the boundary field is found from the
surface contribution to the energy. Finite size corrections to the low-lying energies in this system
and use of the predictions of boundary conformal field theory allows us to study the exponents
related to the orthogonality catastrophe and absorption edges.

1. Introduction

Boundary conformal field theory (BCFT) [1-3] and the formulation of Bethe ansatz soluble
models on open lattices with potentials applied on the boundary sites [4-7] provide new tools
for studies of problems such as the orthogonality catastrophe [8,9] and edge singularities
in optical absorption experiments [10-12] in the framework of microscopic models.

The bulk critical behaviour of1 + 1)-dimensional systems of correlated electrons has
been studied successfully in the Tomonaga—Luttinger model [13-15]. Further insights,
for example on the influence of external fields and lattice effects (back scattering, Mott
transition), have been obtained from exact solutions of integrable lattice models [16-18].
Similarly, studies of lattice models with open boundaries [4,19,20] contribute to the
understanding of the impurity effects mentioned above. A feature of these lattice models not
easily included in the field theoretical approach is the generation of a sequence of localized
levels due to a boundary potential (see, for example, [21, 22]). The effect of the occupation
of such bound states on the critical properties of the boundary has been studied in various
one-dimensional electronic models [22—24] and opens new possibilities for the experimental
observation of Luttinger liquid behaviour in quasi-one-dimensional materials.

In addition, the presence of the boundary field gives rise to one of the rare possibilities
to compute certaifocal expectation values for a Bethe ansatz soluble model. The structure
of the Bethe states complicates direct evaluation of the corresponding matrix elements (see
[25]). In lattice models with an external potential coupled to a density at the boundary
site, however, the expectation value of this density can be obtained from the surface terms
to the ground-state energy. This allows us to gain additional information on the physical
properties of the bound states identified from the Bethe ansatz solution. Furthermore, for a
model given only in terms of its spectrum, as is the one considered later, the dependence
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of the local density on the system parameters may provide new insights into the nature of
the microscopic interactions.

The one-dimensional degenerate Hubbard model studied in this paper is an extension
of the Bethe ansatz solution [26] of the usual Hubbard mddel= 2) to an arbitrary
numberN of bands withSU (N) symmetry. More general models with degeneracies due
to spin or orbital degrees of freedom have been introduced to describe the Mott transition
[27] or itinerant ferromagnetism [28]. The interaction terms in the system discussed here
are parametrized by a single parameter, namely the Hubbard interacti(sed [29] for
a comprehensive review). Although the corresponding Hamiltonian can be identified in
certain limits [30] its precise form for arbitrary degeneraé¢yand strength of the Hubbard
interaction is unknown [31]. In this paper we use the fact that in the sector with less than
three populated bands the model reduces toNhe 2 model. The resulting Hamiltonian
on a chain ofL sites subject to an additional chemical potengiadt the first one is given

by

L-1 L
Hly=2 = — Z Z (C}acj+10( + HC) + 4u an’lnj’z + uN — p1N1 — pLNp. (1.2)
imla=L2 =

Cia (c;a) are annihilation (creation) operators for electrons wsthi (N)-spin « on site
J obeying canonical anticommutation rules;, = c! ¢iw» and Ny = Y ny,, and

Jjo
N = Y°; N; are number operators. Thé = 2 model (1.1) is soluble by means of the
Bethe ansatz for arbitrary values of the boundary potengals [4, 19]. Due to the fact,

that p; couples to the charge sector only, the extension of the Bethe ansatz Alihad

case is completely analogous to that for the periodic chain [32—35]. In addition, the result
can be checked against the corresponding continuum model studied in [36].

Our paper is organized as follows: in the following section we introduce the extension
of the Bethe ansatz equations for the = 2 model [19] to those for the degenerate
SU(N) Hubbard model in the presence of a boundary chemical poteptiat site 1.
Assuming that the coupling op to the electrons is still of the form given in (1.1) we
compute the occupation of the first site of the lattice as a function of the boundary potential
and the Coulomb repulsion in section 3. We find that—depending gr—up to N
electrons can be localized on this site. The position of the corresponding thresholds
is determined by the Coulomb splitting which gives new information on the interaction
part of the completeSU (N) symmetric Hamiltonian. In section 4 we determine the
1/L corrections to the ground-state energy and the low-lying excitations. BCFT results
allow us to extract the scaling dimensions of boundary changing operators from those
spectra which we use to study the effect of the band filling and coupling constant on the
orthogonality and x-ray edge exponents. We find that the number of channels available
to the electrons has a profound effect on these exponents: as a functigntted edge
exponents become negative leading to the disappearance of observable singularities for any
N > 2.

2. Bethe ansatz for the open degenerate Hubbard model

In the SU(N) generalization of the Hubbard model the,-particle eigenstates are
parametrized by one set of quasi—mome{”kgaj.v;l related to the charge degree of freedom

1 Here we have chosen the hopping amplitude as our unit of energyl). For technical reasons the strength
of the on-site Coulomb interaction is given by.4
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and N — 1 sets of spin rapiditie@\é’)}f:’l, r=1,...,N —1[32-35]. The extension of

(1.1) to electrons with an interndlU (N) degree of freedom itself is defined through the

set of all possible solutions to the Bethe ansatz equations (BAE) for these parameters (see
also [36])

WALV (f: p) = l_[el(n,—xﬂ))el(n,w”) j=1....N.
p=1

M1 M1
BPLY: p) [ a0 =2 ™ea b + 257 [T eah = 25 ™)enn + 25*)
p=1 B=1

M,
= [] e0? =20 +4)  e=1....M,

p=1
prta
r:l,...,N—l M():N >M1>--~>MN,1>MNEO (21)

with e,(x) = (x + inu)/(x — inu) and A(O) = 5, = sink;. In the absence of any fields
breaking theSU (N) symmetry the energy of the correspondlng state is

N,
E = (u—2cosk)). (2.2)
j=1

In the case considered here, namely a boundary chemical potgn&ialone end of the
lattice as in (1.1), only the charge quasi-momehjtare affected byp and the boundary
phase shifts in (2.1) read

1— P efik
B.(k: p) = | ———— BV p) =1 2.3
(k: p) <1—pek) (% p) (2.3)
With these equations (2.1) reduce to those found forSt&2) invariant case fov = 2
[4,19].

For a sufficiently strong attractive boundary potential one expects the formation of
localized states for the quasi-particles of the system. Their identification among the Bethe
ansatz many-particle wavefunctions corresponding to solutions of (2.1) is next to impossible;
however, from comparison with analytically accessible occupation numbers (see later)
and with numerical results the creation of bound states due to the boundary potential
can be traced back to the appearance of purely imaginary solutions to the BAE. In the
thermodynamic limit they are of the form (with exponential accuracy)

sin(k;) = it(p) — 2iu(j — 1) j=1,...,N,

A = it(p) — @B +r—2) r=1...,N—1, p=1....N, (2.4)
with
. , t(p) r - ~ p 1
r = - 9 b A A 1 C: =5 — 5
N, mm{N r max{O L » ZJ + ” N, No t(p) 2 " 2

In the ground state for attractive boundary potentials all accessible bound states (2.4)
are occupied; configurations with some of these missing can be identified with sectors of
the Hilbert space containing states with bound holons and spinons.

In the analysis of the BAE the imaginary roots (2.4) should be treated separately from
those associated with bulk modes [22]. This leads to a modification of the boundary phase
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factors in the equations for the latter
B (k) = e_;pu(sin(k;))e, , o, (SIN(K;))

Bs(r) ()‘) = 621\~/,,1—r+2—t/u ()‘g))eZN,H—r—t/u ()"t(xr))ez‘/u—ZN,—r ()‘((Jtr))et/u—ZN,—H—Z()‘g))
r=1...,.N-2
N-1 N-1
= eZNN_2+N—3—t/u()"<(x ))et/u—4NN_1fN+3O‘((x ) r=N-1 (2.5)

In the thermodynamic limitf, — oo with N./L, N, /L kept fixed) the ground state and the
low-lying states for fillingN, < L are parametrized by real quasi-momenta ®; < = and
spin rapiditiesr”) > 0 apart from the imaginary roots (2.4) associated with bound states.
Using standard methods we can rewrite the BAE into a set of linear integral equations for
the corresponding densitigs(k) and p,(A") of the real roots. Symmetrizing the resulting
equations by means of the identificatiopr(x) = p;(—x) one obtains

Ay

1.1 .
pc(k) = — + —7.7 (k) + cosk du ai(sink — ) p1(i)
T L —Aq

) fo - A
prd) = z7 () + dk’ a1 (r — sink’)p. (k') — / du az(n — w)pr (1)
—ko —Ar_1

Arja
+ / duar(h — ) ()

Ara1

1 A Ay
000 = 77000+ [ dnasti—wpso — [ duast = wp
A —Ar1
Ars1
+/A duar(A — ) pra(pn) r=2,...,N-1 (2.6)

with a, (x) = (nu/m)/(x? + (nu)?) and Ay = 0. The boundary phase shifts (2.5) give rise
to the terms of order /AL

© 1 - |
7.7 (k) = — — cosk ai(sink) — ——d In B.(k; p)
T 2
i
7900 = az(A) — (1 — 8, y-1)ar(A) — S50 In B (x: p) r=1,...,N—1 (2.7

In terms of the solutions to (2.6) the charge and spin-quantum numbers are given as

N, 1 [k 1 M, 1 [N 1
= — == dk p.(k) — — F= — == du o, (k) — —. 2.8
n L =2/, pe(k) oL m 7 Z/A,.Mp() oL (2.8)
(The contribution—-1/2L is a consequence of the symmetrization of the equations mentioned
above.)

Further simplifications are possible in the case of unbrdi€nV)-symmetry considered
here. In this case the ground state of the system 8&.&iV) singlet withM, = N,(N—r)/N
spin rapidities at levet which corresponds ta; = --- = Ay = co. As a consequence, the
densitiesp,(A), r =1,..., N —1, can be eliminated from (2.6) by Fourier transformation.
The result is a scalar integral equation for the density of quasi-momente) (is the
Digamma function)

cosk [ho

1 . .
pek) = pPk) + =70 + == [ dk' hn(sink — sink’)p.(k")
L 21 —ko

1 ix 1 ix
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The driving terms in (2.9) arg(® (k) = 1/7 and

1 cogk) 1 1 1 N+1
Oy — _ = _
T, (k)_ﬂ+; uNRe{\IJ(N+a>+\II<2N+a> \Il<2+a) 11/( 5N +a>}

pcogk) — p? cogk)
(1 + p? — 2p cosk)) Q(Z)M Re{‘I‘(J/+)—‘1’(/3+)+‘I’(V)
N, 1— N, 1
o) (e ) () e

with o = isin(k)/2uN, B+ = a £ (t(p)/2uN), y- = 1+ B+ and N, = min{N, max{0, 1+
Lt(p)/2u]}} bound charges at site 1.

For the discussion of the thermodynamic properties of the system it is convenient to
introduce the dressed energy of holon excitatiepn&), which is given in terms of the
equation

1 [k
e.(k) = u — 2cosk + P dk’ cosk’hy (sink — sink’)e.(k'). (2.11)
—ko
The conditione.(+kg) = O gives an alternative definition of the integration boundaras
a function of the chemical potential. From (2.2) we obtain the bulk and surface contribution
to the ground-state energy in terms of the quantities introduced above:

E =Léeso+ foo+0(L7H
[ [k ko Ne ~
S dk e (k) + (/ dk £ (k)79 (k) + Z(“ - 2coskj)> +o(L™Y. (2.12)
2n —ko —ko j=1
Note that the bulk properties of the system are determined completely by ERg-terms
in the integral equation which coincide with those for the periodic system (see [29]). From
this, we conclude that the low-lying excitations of the system for densities 1 are holon
and SU (N)-spinon excitations with group velocities

N 1 %, decosk s (k) e sink/N
Ve = % kgc( )|k=ko Us = _N_ ko ink/N.
7 p. (ko) w2, dk pe(k) € sink/Ne

respectively. At fillingn, = 1 the system undergoes a Mott transition to an insulating
state atu = u., above which excitations in the charge sector have a gap [37,38]. The
critical coupling strength:. is determined by the conditiop.(r) = 0 or equivalently
J7_dk hy(sink) = 2.

(2.13)

3. Occupation of boundary sites and Friedel's sum rule

Assuming that the coupling of the boundary potential to the charges in the degenerate
Hubbard model is of the same form as in th&'(2) case (1.1), i.e. via a local potential
—p Y. _1n1, the expectation valu¢N;) of the occupation of the boundary site can be
determined from the ground-state energy (2.12) by differentiation with respect to
2
pccogk) + cogk) — 2p

dk e.(k

el )<n<p2+1— 2p cosk)?

+ cosk)d, Re{W(yy) — W(By) + W(y-) — W(B- + (Np/N))

+V(B+ + (1= Np)/N)) — V(B + (1/N))}/27WN> .1

R Ny » 1 ko
(N1) = —9,Eo = — ;apE,- -5

—ko
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(a) (»)

Figure 1. Boundary occupationN1) in the ground state of th& = 3 model as a function of
the boundary potentigb for (¢) # = 1 and varyingz, and ¢) n, = 0.9 and varyingu.

with E; = —cosk; = —2/1— (t(p) + 2u(j — 1))2. For p — oo only the sum in (3.1)
contributes, which indicates an occupation of the first siteAbygharges in the limit of
infinitely strong attraction—the maximum number possible for fermions with an internal
SU(N) degree of freedom. In figure 1 we present resulty} as a function of boundary
potential for different fillings and coupling constants from numerical solutions of (3.1).
The underlying assumption of a local impurity potential of strengtban be checked
by comparison of N1) with Friedel’s sum rule [39]: the number of charg¥s attracted by
a local scattering potential is directly related to the phase 8tift) at the Fermi surface,
namely Nr = 8(er)/m. Although these quantities are defined within a system of non-
interacting fermions, Friedel's sum rule can be applied to the solution of the degenerate
Hubbard model. In the Bethe ansatz solution the phase shift is giverthyp) where

1 (ko -1
®c(p) =5 dk (k) + N. — -. (32)
2J 1 2
(ze(k) is the o(L~1) contribution to the density (2.9).) Taking the number of particles at
site 1 forp — —oo as a reference we obtain

Nr = 0c(p) — Oc(p > —00). (3.3)
In figures 2 and 3 we present numerical data on ghiependence oy and (N;) in the
ground state and the state with the local levels unoccupigd=(0). One should noté/g
describes the integrated effect of the local scatterer on the particle density. Since a newly
added bound state is only weakly localized near the threshold this explains the difference

betweenN and (Ny) in these regions.

4. Finite size spectra and critical exponents

Following [18] theo(L™1) terms for the ground state (2.12) and the low-lying excitations
of the degenerate Hubbard model can be obtained. Restricting ourselves S& the
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3.0 3.0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ : e
2.0 - 20
1.0 | B 1.0 -
<N1> <N1>
J— NFf ; Nf
Oo o L L L L OO Y L L L L L L L L L L
-5 0 5 10 15 20 -5 5 15 25 35 45 55 65 75 85 95
p p
(a) )
Figure 2. Comparison of(N1) and Ny in the ground state of th& = 3 model as a function
of the boundary potentigh for u =1 (@), u = 10 () atn, = 0.5.
1.0 —— 1.0
05 -
T e —
<N1> <N1>
Nf Nf
o5l g e
-5 -4 3 2 -1 0 1 2 3 4 5 6 7 8 5 -4 -3 2 -1 0 1 2 3 4 5 6 7 8
p p
(a) )

Figure 3. As in figure 2 but in the lowest state with all bound states empty, i.e. without
imaginary roots in the BAE (2.1).

symmetric case again we obtain (see also [36])
TV, 1  1/AN.—0.(p)\?
E —Leow = —_— =tz — N}’
€0 foo + I { 24 + 2 ( Z + e

TV,
L

1 1~ -
{—ﬂ(zv — 1)+ SAM, Cy), AM, + N, } . 4.1)

Here the numberda N, and AA7I, =AM, — (1—r/N)AN, describe the change in the total
number of electrons and electrons with coleuwith respect to the ground state for which
AN, = ©.(p), AM = 0 at a given value op and occupation of the bound states,",

N;* count the number of particle hole excitations= & (ko) is a function of filling and the
coupling constant is related to the compressibility of the electron gas. It is defined in terms
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of the equation
1 [k
Ek) =1+ o ) dk’ cosk’hy (sink — sink")& (k). (4.2)
—ko
For fixed particle densityz. decreases from/N for non-interacting particles to 1 in the
limit u — oo. Cy is the Cartan matrix for the Lie algebsa/(N) (see [18]).

From the finite size corrections in the low-lying energies of a gapléss 1)-
dimensional quantum system subject to various boundary conditions one can obtain the
scaling dimensions of certain boundary changing operators with the predictions of boundary
conformal field theory. These relations can be used to study phenomena such as Anderson’s
orthogonality catastrophe and the related edge singularities in Luttinger liquids [2, 12, 22—
24,36]. Of particular interest in the context of the present system is the dependence of the
associated critical exponents on the numlveof channels available to the electrons and
the consequences of the presence of bound states. Furthermore, it is possible to study the
behaviour of these quantities in the vicinity of the Mott transitiomat 1, u = u,.

As noted by Anderson [8] the overlap between the ground $tatef a Fermi gas in
the presence of a local perturbation of strengtiland the unperturbed stat@) decreases
as a power of the system size, namély|0)| o« L~*. For the one-dimensional system
considered here can be related to the difference between the-terms in the ground-
state energies (4.1) for the same numbers of partidleand spinM, but different values
of p computed with respect to the same reference state [9, 12, 22]. Biangers the finite
size corrections in (4.1) in the charge contribution only, there is no spinon contribution to
the orthogonality exponent and we find

1
=322
In figure 4 we present numerical results on thv&lependence of for various values of
particle densityz, and coupling strengths.

x (O.(p) — B.(p = 0)% (4.3)

Xz,

= d Il Il Il Il
-5 5 15 25 35 45
P p

(a) (»)

Figure 4. Orthogonality exponent for the overlap between ground stdlgs for the N = 3
model againsp for (¢) u = 1 and varyingz, and ¢) n, = 0.5 and varyingu.

Closely related to Anderson’s orthogonality catastrophe, but of greater relevance for
possible observation of Luttinger liquid properties in an experiment, are edge singularities
arising in transport measurements involving tunnelling through localized states or x-ray
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absorption profiles in quasi-one-dimensional electronic systems. A simple model describes
the photo-absorption process through the sudden switching of the local electrostatic potential
V due to the creation of a core hole by the x-ray photon [10]. Within this model a
characteristic power-law singularity

Ho o — s
| — wol®
is observed in the vicinity of the absorption threshelgdand the exponent can be related
to the phase shifé(er) due to the local potential [10,11]. ¥ is strong enough to bind
one or more conduction electrons this will give additional thresholds at en@‘féwith
different edge exponents™.

Again, the absorption intensity (4.4) can be considered as a correlation function of
boundary changing operators in(h+ 1)-dimensional quantum system and it is possible to
extract the exponents by comparing the finite size scaling behaviour of the low-lying states
of the unperturbed system (wifferiodic boundary conditions) with those of the system with
a local scatterer described throughagenboundary and boundary potentigls = p, = p
[2,23]. The finite size corrections to the ground-state energy of the degenerate Hubbard
model with periodic boundary conditions have been obtained in [18]:

TV, T

E—Lexw=—" 5 (N=1. (4.5)
The difference in the universal scaling behaviour of the ground-state energies (4.1) and (4.5)
leads to an upper bound-1N/8 for the the exponents arising in all possible processes.
The quantum numbera N, and AM, in (4.1) have to be adjusted depending on whether
one considers photo-emission or photo-absorption with simultaneous occupation of some of
the bound states df. For photo-emission the particle numbers in the system are unchanged
resulting in
N 1
5" z?e)f(m (4.6)
where p is the strength of the core potential. Similarly, one should chabdg = 1,
AM, = 0 for absorption of the core electron into the conduction band (leaving possible
bound states unoccupied). The corresponding edge exponent is found to be

5 1
an =2— — A
Fband 8" " 2N

Aphoto = 1-

1
522 (©c(p) = 1)2. (4.7)

Note that this exponent is always negative for> 2 leading to a shoulder in the absorption
profile rather than a singularity. This observation puts a strong constraint on the possibility
of observing edge singularities in quasi-one-dimensional systems of the type discussed here:
in selecting or preparing the material much care should be devoted to reduce the number
of channels participating in the transport of the system. In addition, the strength of the
impurity potential p should—if possible—be tuned to the regieft < p < r where the
largest exponents are found (see figure 5).

Finally, we consider the edge exponent, associated with the absolute threshold for
absorption, namely all bound states occupied in the final state. Formally, this exponent
is given again by (4.7), althoug®.(p) has to be computed for the state with maximal
number of bound particles. This leads to the same conditions for pronounced singularities
as discussed above. In figure 6 numerical results on this exponent are shoWwn=@&:
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1.0 T T T T T

0.5

Figure 5. Edge exponent ., for photoemission into the state without bound charges against
p in the N = 3 model foru = 1 and varyingu,.

0 T . . 0 e
//) V. Lo
Sl R 1 L Vo .
= ) . .
ooy N\
2p \ 3 ] - e ]
\ 2t | <
A} i \
-3 i N
R -3 \
\
-5+ u=0.1 \
7 | o ) =10 |
8 . r—— : — . ‘ . . ‘
-5 5 15 25 35 45 -5 5 15 25 35 45
P P
(a) (%)

Figure 6. Edge exponent,;, at the absolute threshold for x-ray absorption againgt the
N = 3 model for ¢) u = 1 and varying densities and#)(n, = 0.5 and various values af.

5. Conclusion

We have studied the spectrum of bound states and boundary critical properties of an
integrableSU (N)-symmetric Hubbard chain. From its low-energy properties this model

is known to be described by @ (1) Gaussian model in the charge sector and the level-one
SU(N) Wess—Zumino—Witten model in the spin sector. These symmetries give rise to a
rich structure of boundary states associated with the holon and spinon excitations of the bulk
system. The spectrum of these bound states gives rise to a sequence of thresholds which
should be observable in absorption profiles or tunnelling rates of quasi-one-dimensional
compounds. The associated edge singularities are found to be most pronoundeg far

This restricts the possibility of their observation in systems where many channels contribute
to the transport properties.
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Appendix. Explicit expressions in the strong coupling limit

For general values of the system parameters the Bethe ansatz integral equations (2.9), (2.11)
and (4.2) have to be solved numerically. Simplifications allowing us to obtain the relevant
guantities in closed form occur in the strong coupling limit> oco. In this case the kernel
function can be replaced by a constant — (v (1) — ¥ (1/N))/Nu to leading order and

we obtain the following expressions for the boundary phase shifts with maximum number
of bound charges at site b{= p, p; = 0) (3.2):

@c(P) = %arctan(p _ CO&nnC)) + ®(pﬂ_ 1) (T[(Nb _ 1) + arCtan<Sin(nn0)>

sin(rn,) t(p)
- arctan(—Sin(nnC) ) + arctan(—sm(nn”) )
2uN —t(p) 2uNy —t(p)
sin(zn,)
— arctan(t(p) T ou 2uN,,) ) (A.1)

Similarly we obtain for the orthogonality exponent (4.3)

1/1 - . 1 0@(p-1
v = (L arctan( L=C0%I 1 8w =D
2\ sin(mrn,.) 2 Vg
<sin(nn6)> < sin(rn,) ) < sin(rn,) )
+ arctan —arctanl ———— | +arctan| ———
t(p) 2uN —1(p) 2uNy —1(p)
sin(zn,.) 2
— arctan
t(p) 4+ 2u — 2uN,
%nf p—> —0 (A2)
Z(Np — no)? 1« p=2u+4un, neN (plateau value)

and the edge exponentgi(= p;, = p)

N 1/2 1+p TN, 1\?
oo =1— — — = | — arctan| tanf — | ) — =
Spher 8 2<n (1—p ( 2 )) 2)

N (G +no)?
1—§—(2 2n) p — Foo
7—N
— 5 p — 1 from below
1+ N
_+T p — 1 from above

5N 1 1/2 1+p TN, 3)\?
and = 2— — — — — = | —arctan tan - =
band 8 2N 2(n (1—p ( 2 )) 2)
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"% T 2 P e
15— 5N 1
— —8 "N p — 1 from below
945N 1
—_— 1 from above
8 2N P
5N 1 1/2 p —cosmn,) 1
s =2— — — — — | —arcta| ——— | — = —n,
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bid t(p)
sin(n,) sin(rn,)
—arctan{ ——— | + arctan| ———
2uN —t(p) 2uN, —t(p)
sin(rn,) 2
— arctan
t(p) +2u — 2uN,
(ne + 3)? p— —0
1 1| @ —3?2 =0
N 1 1me=3) P (A.3)

8 2N 2| @2N,—n, — %)2 1< p=2u+4un,
n € N (plateau value).

Comparison with the numerical results shows good quantitative agreement of these
expressions fon Z 10.
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